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A Hybrid-ARQ Protocol with Adaptive Rate Error Control
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SUMMARY This paper presents an adaptive rate error con-
trol scheme for digital communication over time-varying chan-
nels. The cyclic code with majority-logic decoding is used in a
cascaded way as an inner code to create a simple and powerful
hybrid-ARQ error control scheme. Inner code is used only for er-
ror correction and the outer code is used for both error correction
and error detection. When an error is detected, retransmission
is required. The unsuccessful packets are not discarded as with
conventional schemes, but are combined with their retransmitted
copies. Approximations for the throughput efficiency and the
undetectable error probability are given. A high reliability cou-~
pled with a simple high-speed implementation makes it suitable
for high data rate error control over both stationary and non-
stationary channels. Adaptive error control scheme becomes the
best solution for time-varying channels when the optimum code
is selected according to the actual channel conditions to enhance
the system performance. The main feature of this system is that
the basic structure of the encoder and decoder need not be mod-
ified while the error-correction capability of the code increases.
Results of a comparative analysis show that the proposed scheme
outperforms other similar ARQ protocols.

key words: information theory and coding theory, communication
theory, hybrid-ARQ error control codes, error correction codes,
adaptive rate error control, selective-repeat ARQ

1. Introduction

Error control techniques can generally be classified ei-
ther as forward-error-correction (FEC) or as automatic-
repeat-request (ARQ)[1]. The positive attributes of
both FEC and ARQ techniques can be obtained by
combining the techniques within a single hybrid-ARQ
protocol[1]. One of the most popular hybrid ap-
proaches involves the encoding of transmitted data
blocks for both error detection and correction. In many
ARQ schemes, the received blocks which are detected to
be in error are usually discarded. However, an error-
detected block still contains an appreciable amount
of information. Therefore, several ARQ schemes us-
ing parity retransmissions were proposed [2]-[ 6], which
take advantage of the residual information in the error-
detected blocks.

Majority-logic techniques are used in the decod-
ing of both block and convolutional codes to provide
a modest amount of coding gain. The implementa-
tion simplicity of the majority-logic techniques is the
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primary benefit attained through the use of these tech-
niques, and thus allows for the operation of these de-
coders at very high data rates.

Kousa and Rahman[2] proposed a scheme, in
which two linear block codes, denoted by Cy and C;
are used in a concatenated code. The inner code Cy is
an (N, K) systematic Hamming code which is designed
to correct t = 1 error in a block, and the inner code
is used in a cascaded way of the same code. The outer
code is an (n, k) binary BCH code, which is designed
for error detection only.

In this paper, we modify the coding scheme pro-
posed by Kousa and Rahman by that the outer (n, k)
BCH code is used to correct errors and simultaneously
to detect errors. The inner code is an (N, K') systematic
binary cyclic code with majority-logic decoding which
can be decoded by a much simpler algorithm[1] com-
pared to other codes, and hence a high decoding speed
can be obtained. The proposed system retains the sim-
plicity of the original decoder, but provides a significant
improvement in error protection through the incorpora-
tion of cascaded coding and hybrid-ARQ techniques. In
the next section the scheme of the hybrid-ARQ protocol
with adaptive rate error control is introduced. Section
3 concentrates on the error probability analysis. The
throughput analysis is given in Sect.4. The results and
performance comparisons are presented in Sect. 5.

2. Cascaded Majority-Logic Decoding of Cyclic
Codes

The proposed scheme is shown in Fig. 1. The outer code
is a high-rate (n, k) BCH code used for both error cor-
rection and error detection at the first transmission, and
only for error detection after the first transmission. The
inner code is an (N, K) systematic cyclic code used in a
cascaded way of the same code and for error correction
only.

The k information bits are first encoded by the
outer encoder into n bits. The block of n bits is then
divided into groups of K bits . Each group of K bits is
encoded into NNV bits by an (V, K) cyclic encoder. The
total number of bits at this stage is (n/K)N. This stage
is referred to as the first level of cascading. The (n/K)N
available bits can be divided into groups of K bits again
and each group is encoded into N bits again by same
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encoder as in first level of cascading. This stage is re-
ferred to be second level of cascading. At the end of this
stage, there should be (n/K?)N? = n(N/K)? bits. Any
level of cascading can be reached by repeating this pro-
cess. If the initial sequence (n bits) is of length K™ or
any integer multiple of K™, where m is the maximum
intended level of cascading, we can obtain an integer
number of sub-blocks after each division by K at any
stage. For m-level cascading we get n(IN/K)™ bits.

When the receiver receives a sequence of bits which
are known to have been encoded to the m-th level,
the receiver divides the received sequence into blocks
of N bits, and computes the syndrome of each block
to perform error correction, then the receiver discards
the check bits leaving the K information bits. The
remaining bits correspond to the (m — 1)-th level of
cascading. There are n(N/K)™~! bits at this stage.
These n(N/K)™~! bits are divided into blocks of N
bits again, and each block is decoded by receiver and
check bits are discarded. This process is repeated until
the receiver decodes the original n information bits. If
the selection of K bits for a sub-block is done carefully
at each stage, any further cascading leads to a higher
error-correction capability of the system.

To guarantee the correct decoding of the cascading
code, the perfect interleaving is absolutely needed. The
process of perfect interleaving is equivalent to random-
izing the errors after any level of decoding process. At
the transmitter side, to perform a second level of encod-
ing, each K information bit should be chosen from K
different blocks of the first level of coding. Similarly to
perform a third level of encoding, each K information
bit should be chosen from K different blocks of the first
and the second level of encoding. This process is the
perfect interleaving. When the cascaded encoding pro-
cess is organized by such suitable interleaving, the bit
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A communication system using a hybrid-ARQ scheme with adaptive rate error

errors in each block after de-interleaving are guaranteed
to be statistically independent, because each decoded bit
comes from a different block. An example of the per-
fect interleaving is shown in Fig.2, where two level of
encoding a (7, 4) systematic Hamming code are used for
simplicity.

For the first transmission, only the outer code Cj
is used. The outer code is a high rate (n, k) BCH code
which is used to correct ¢ errors and simultaneously to
detect many other errors. The receiver does both decod-
ing and error detection for ¢g, where ¢p is a codeword of
Cy. If the decoder decides that ¢y has an error pattern
of weight no greater than ¢, then the decoder corrects
the errors and no retransmission is required. If ¢y is
detected to contain an uncorrectable error pattern, then
a retransmission is requested, and the erroneous word is
saved in a buffer. The retransmission consists of parity-
check bit sub-blocks, which is based on the original
message and the cyclic code at the first level of encoding.
When this super-block of parity-check bits is received,
it is used to correct the errors in the erroneous word
stored in the received buffer, and the decoded block is
checked for errors by the outer code decoder(only for
detecting errors). If it is not a codeword of Cj, then
an error condition is detected. The receiver stores the
first-level parity-check bits also and requests a second
retransmission.

The second retransmission consists of another
super-block of parity-check bit sub-blocks based on the
original message, the first-level check bits which are
already stored at the transmitter, and the same error-
correcting code. Appropriate interleaving before en-
coding and de-interleaving after decoding are assumed.
When this block of second-level check bits is received,
it is again used to correct the erroneous message stored
at the receiver. This process is repeated if necessary un-
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til the m-th level parity-check bits are transmitted. If
a negative acknowledgement (NACK) is still sent back,
the next transmission should be the initial information
sequence again. The receiver will automatically replace
the old information bits by the new ones and try to de-
code the message with the help of all parity checks al-
ready available. If an NACK is again received, the next
transmission is the same as the first retransmission, con-
taining the first level of parity checks, and so on. The
sequence of transmissions in this procedure for succes-
sive NACK’s will be I, P, P,...,P,,, I, Py, ..., where
I is the original n-bit message and P; is the i-th level
parity sub-block. After the (2m)-th retransmission, the
whole set will have been renewed. With the reception
of parity bits at the i-th level (z = 1,2,...,m), the de-
coder is required to rearrange the information sequence
and the parity bits up to the (¢ — 1)-th level in order
to be consistent with the interleaving operation by the
encoder.

3. Performance Analysis

The channel is assumed to be a binary symmetric chan-
nel (BSC) with transition probability . For the first
transmission, only outer code is used for error correc-
tion and error detection. Thus we have the following
relation

P(DY) + P(Dy,) = P(DY) (1
and

P(DY) + P(DY) =1, )

S First leve! of parity bits.

z Second level of parity bits.

Interleaving and encoding for two levels of cascading of the (7,4) systematic

where P(D?) is the probability that the received de-
coded n-bit word is error free at first transmission,
P(DY,) is the probability of an undetected error for the
outer error-detection (n, k) BCH code Cj in the received
decoded n-bit word error pattern at first transmission,
P(D)) is the probability that the received decoded n-bit
word is accepted by the receiver at the first transmission,
and P(DY) is the probability that the outer code detects
errors at the first transmission. P(D? ) is given by [7],

(8]
n tp min(tg—i,n—w) w
=0 7=0

’UJ:do
X (n - w) Ew_iﬂ'(l — ) TwWri=I (3)
J

where A,, w = dg,dy, -, n, is the number of code-
words in Cp of weight w. In most interesting cases,
P(DY,) < P(DY), and hence

P(D?) = P(DY) 4)
and
P(Dg) £1— P(D}) (5)

where 7 is the ith retransmission and ¢ = 0 is first trans-
mission.

For the outer code with error correcting ability ¢,
we have

P(DY) = i (?) gi(1— )L, (6)

=0
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After the first transmission, the outer code is used
only for error detection. The probability of undetected
error is then

P(DL) =Y Awe“(l—e)" ™. N

w=dy

From Refs.[7] and [8], we can find that the P(D?,)
and P(D},) are negligibly small if 40 parity check bits
of the outer code are used for error correction and error
detection, and thus the outer code can be considered
to be a perfectly error detected-code. In the following,
the performance of the inner code is analyzed. For an
(N, K) cyclic code with minimum distance d,,;, and er-
ror correction ability ¢, the bit error rate after decoding
is given by

N
e < % Z <]:7) g1 —e)N 7, )

i=t+1

Figure 3 shows upper bound of £ versus ¢ for (15,7),
(15,9), (64,37), and (64, 49) systematic codes with ¢ =
2, 1, 4, and 1, respectively.

Similarly, the decoded bit error probability with
two levels of decoding is given by

ot s (Mera-a ©

i=t+1

Thus, Eq.(8) can be used recursively, by replacing ¢
with the bit error probability after decoding from the
previous level.

If an (N, K) cyclic code with the error correcting
ability t is employed for inner coding, the probability
of correct decoding is

p(DY) gZ( ) (1—g)N—t (10)
=0
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Fig. 3  Upper bound of the decoded bit error rate versus chan-
nel bit error rate.
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where p(D?) is the probability of correct decoding of a
sub-block for the cascading level 7. For the two levels of
cascading, the bit error rate at the receiver after the first
decoding step will reduce to /. Due to interleaving,
we obtain N such independent bits. The probability of
correct decoding of a block after the second decoding
step is then given as

won =3 ()ere

This technique can be applied to any level of cas-
cading under the condition of perfect interleaving.

The previous discussion takes one block of N bits
into consideration. In principle, for any level of cascad-
ing, we should have n/K blocks of N bits to be decoded
just before the final step of decoding.

Let P(D?) denote the probability of correct decod-
ing of the super-block (the block of n/K sub-block),
for the encoding level i (i = 1 and 2). Thus we get

P(DY) = [p(Di)/X, (12)

— )Nt (11)

if a perfect interleaving as mentioned in Sect. 2 is made.
4. Throughput Analysis

We assume that the forward channel is a random error
channel with bit error rate ¢, and the feedback chan-
nel is error-free. Since selective repeat (SR) ARQ is the
most efficient ARQ scheme, we consider the through-
put of the system in the SR mode. we first consider
the situation of infinite m. In order to calculate the
throughput, we determine the average number of bits
needed to be transmitted before k& information bits are
successfully accepted by the receiver. If we denote this
number by T, then the throughput 7 is given by

e (13)
We can write
T, = [a(0)]P(D?) + [a(0) + a(1)] P(Dg, D;)
+ [a(0) + a(1) + a(2)|P(Dg, Dy, D?)
+ [a(0) + a(1) + a(2) + a(3)]
XP(D&D;D(Zng)"}"” (14)

where a(i) denotes the number of bits in ¢-th transmis-
sion.

The expression for 7). given in Eq. (14) is a general
expression for the average number of bits to be trans-
mitted in a hybrid-ARQ system. Applying Eq.(5) to
Eq.(14), we get

T, = a(0) + a()P(DY) + o(2) P(DY, DY) +
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T.- is therefore lower and upper bounded by

+ > a(n)P(Dy7). (16)

n=1

We use T' = T,./a(0) to express the average number of
transmission in the hybrid-ARQ system. Then

+ Y = ZP(DrY). (17).

Next, we consider the situation of only m parity
retransmissions being used. For the left side of Eq. (17),
we get

m n m~+1
z“;”HPDJ Y+ o
n=1 a j=1 j=1

m a{n) 1

For the right side of (17), we get

T<1+ i “(”>p(pg—1) +P(D)

B — a(0)
-~ a(n) _ P™(DF)
X [1 . 19
L+ 20 T P (o). (19)
n=1
20 1 1 Illlll! 1 1 Illllll 1 11 1 111
15 =
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Fig. 4  Upper and lower bounds on the average number of
transmissions.
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Clearly, since P(D7) decreases exponentially as n
increases, Both summations in Egs. (18) and (19) con-
verge. Evaluation of T, using the approximation of
P(D7) by the lower bound given by Eq. (5) has shown
that the two bounds on 7" agree at high and moderate
signal-to-noise ratios, and differ slightly at low signal-
to-noise ratios. However, the difference is relatively
small as shown in Fig. 4 where the two bounds are over-
lapped with each other. As a consequence of the tight-
ness of the two bounds Eqgs. (18) and (19), the average
number of transmissions 7" for a given data packet can
thus be approximated by the upper bound.

The expression of the throughput efficiency 1 for
the selective-repeat ARQ protocol, defined as the aver-
age number of accepted information bits per transmitted
channel symbol, is given by

n=k/T, =k/a(0)T. (20)
5. Results and Performance Comparisons

Here we examine the throughput over the BSC of the
adaptive hybrid-ARQ scheme for the inner codes with
(15,7),(15,9),(63,37), and (63,49) systematic cyclic
codes and the majority-logic decoding with cascad-
ing level m = 2. Outer codes is selected as fol-
lows[2]. For (15,7) code, the outer code can be se-
lected as (1029, 983) code by adding 6 check bits to the
(1023,983) BCH code. For (15,9) code, by deleting 51
bits of the (1023,983) BCH code we can get the short-
ened (972,932) BCH code. For (63,37) code, the outer
code is selected as (4107,4047) by adding 12 check bits
to the (4095,4047) BCH code. For (63,49) code, by
deleting 1694 bits of the (4095,4047) BCH code we get
the shortened (2401,2353) BCH code. Obviously, the
performance of the extended and shortened BCH codes
is better than that of the original BCH codes.

The throughput for the outer code with ¢ = 0 is
shown in Fig. 5. From this figure we find that at a low

co ol o et el gl

1 . 0 1L 1140
0.8 C
= N L
- n -
30967 n
= . -
o ] L
o 0.4+ =
P . -
-C -1 S, ™ -
= 4 n for 63,493 code \ L
0.2 —— n for (63,37) code = -
4 —=-- n for (15,9) code \ \h
4 —==— n for (15,7) code L
] \\ C
O-O T IIIII"I T III”"I T IIIIIIII T |III“I' T |||—|'L -
10 10°% 10* 10° 102 107
Channel error rate e
Fig. 5  Throughput rate of an adaptive rate hybrid-ARQ

scheme for outer codes with error correction ability ¢ = 0.



2100

1 .O 11 lllllll 1.1 lllllll 11 IIIllII 11 lllllll 13 ) L1t1)
0.8 -
= ~ L
5 0.6 —
a 4 L
< . -
g’ _ L
o 0.4 —
— - -
L n % |
= 4 n for 63,4—93 code \ L
0.2 — n for {(63,37) code e
< | —-- q for 15,9; code £ \F

4 —--— n for (15,7) code Wy

] W\

D.O TT Tl”lll T IIIIIII TT lllllll T IIIIIII LI I'1Il;l

10° 10° 10* 10 102 107"
Channel Error Rate e
Fig. 6 ' Throughput rate of an adaptive rate hybrid-ARQ

scheme for outer codes with error correction ability ¢t = 1.

1 '0_‘_|_|_|_|_|.L|.II_LLI lIlIlI 11 lllllll 11 IIIIIII L
i e < L
] \ r
0.8 L
= ] C
5 0.6 -
o § i
g 4 L
S X
© 0.4 —
[ - - L
r< i % L
= 11— nfor 63.4—93 code .
0.2 —— n for (63,37) code et S N =
4 —-— n for 15,9g code “\_
4 ——-— n for (15,7) code WL
] W T
0.0+ T
10% 10 10 107 102 1077
Channel Error Rate e
Fig. 7 Throughput rate of an adaptive rate hybrid-ARQ

scheme for outer codes with error correction ability ¢t = 2.

channel error rate the throughput mainly depends on
the outer code rate. At a medium channel error rate
the throughput mainly depends on inner code rate, and
at a high channel error rate the throughput mainly de-
pends on the error correction ability. So in the low er-
ror probability case the throughput is almost the same
for the four schemes with different inner code rate. In
the medium level error probability, the schemes with
higher rate inner code have higher throughput rate,
and at the higher level error probability, the schemes
with higher error correction ability inner code have the
higher throughput rate.

Figure 6 and Fig.7 show the throughput rate for
the outer code with ¢ = 1 and 2, respectively. It is
clear that the throughput rate increases as the error cor-
rection ability of the outer code increases. The error
correction ability of the outer code greatly improves
the throughput of the system. The throughput rates of
our scheme with the (15,9) cyclic inner code and the
outer code having error correction ability ¢ = 2 and
m = 2 is plotted in Fig.8 as “Our scheme A”. The
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throughput rates of our scheme with the (63, 49) cyclic
inner code and the outer code having error correction
ability t = 2 and m = 2 represented by “Our scheme
B” is also plotted in the figure. In order to examine
the performance of the proposed scheme, we have com-
pared it with other schemes. Lin and Guu proposed
a scheme[5], in which inner code is a (8,4) extended
Hamming code and outer code is a (1024, 993) extended
BCH code. The result of Lin and Guu’s scheme is indi-
cated by “LG” in Fig. 8. In the same figure the result of
Krishna and Morgera’s scheme [6] (KM) is also plotted.
The results of the Kousa and Rahman’s scheme[2] rep-
resented by “KR” with the (15,11) Hamming code as
the inner code and outer code having error correcting
ability ¢ = 0 and m = 2 are also shown in the same
figure. For reference, the channel capacity limit C for
the BSC[11] as an upper bound is given in the same
figure. Results showed that under lower level of error
probability, the throughput rate of our schemes are sim-
ilar to that of other schemes. For e larger than 10~
our scheme B is better than all conventional schemes.
Our scheme A has noticeably better performance for
from 107* to 3 x 10~ and from 102 to 107! than
all conventional schemes, although it has a little lower
throughput than our scheme B and the KR’s scheme for
e from 3 x 1073 to 10~2. The advantages of our scheme
are: The outer code is used for error detection and si-
multaneously for error correction, and hence enhances
the throughput rate. The cyclic code and the majority-
logic decoding are used that can simplify the decoding
procedure so that the scheme can be used for high data
rate transmission. The upper and lower bounds of the
throughput rate are given which simplifies the analysis.

6. Conclusion
We have proposed‘ a hybrid-ARQ protocol with adap-

tive rate error control and code combining. Since the
channel rate is fixed in most transmission schemes due
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to modulation and channel filter requirements, chang-
ing the code rate means a change of information rate
and thus a buffer for the incoming information stream
is required. For the proposed system, the rate of the first
transmission is fixed to k/n, the outer code rate. After
first retransmission the rate drops to (k/n)K/N. The
second retransmission reduces the rate to (k/n)(K/N)2,
and so on. With cyclic codes, we have proposed an effi-
cient hybrid ARQ strategy which combines the benefits
of the majority-logic decoding and the code-combining
ARQ strategy. The performance of the concatenated
adaptive coding scheme for error probability and the
system throughput of the concatenated coding scheme
were analyzed. The performance of several specific code
examples was compared. Results indicate that a high
throughput and a very low error probability can be
achieved by using these schemes. The proposed scheme
is found to have a relatively good throughput under
poor and moderate channel conditions (¢ > 107%).
Therefore, the concatenated coding scheme is suitable
for applications involving high speed transmission, such
as satellite communication systems and file transfer sys-
tems.
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