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Differential equations were introduced to analyze the acoustic wave fronts in the atmosphere. 
The wave fronts were found to make an ellipsoid whose major principal axis tilts at an angle of 
about 45 ø to the leeward. Utilizing this result, a radio acoustic sounding system (RASS) was 
used to measure the temperature and wind profiles to heights of over 23 km even under strong 
wind conditions. The profiles agree with those obtained from a radiosonde and a Doppler 
radar. The discrepancies are only about 0.5 øC in the air temperature and 1 m/s in the wind 
speed. The experiments show that the analytical result of the acoustic wave fronts is effective 
not only in the troposphere but also in the stratosphere. The analysis also shows quantitatively 
that acoustic waves propagate over the horizon to leeward. 

PACS numbers: 43.28.Gq, 43.28.Vd 

INTRODUCTION 

A radio acoustic sounding system (RASS), comprising 
a Doppler radar and an acoustic transmitter, has been devel- 
oped to profile the air temperature from the Doppler fre- 
quency of radar echoes partially reflected under Bragg con- 
ditions on the acoustic wave fronts, by using the dependence 
of acoustic speed on temperature. With a conventional 
RASS, the air-temperature profiles have only been measured 
up to heights of 3.2 km under light wind conditions, • because 
the acoustic wave front has been regarded as a spherical sur- 
face, and it is difficult to receive the echo from the surface 
drifting with the wind. 

To measure the temperature and wind profiles up to 
heights of 20 km or more, even under strong wind condi- 
tions, the acoustic wave front in the atmosphere is analyzed 
by introducing the differential equations. These differential 
equations are solved by considering the refraction and bend- 
ing of an acoustic wave ray caused by both the temperature 
gradient and the wind shear. By transmitting the radio wave 
from the radar so that the radar beam can intersect the 

acoustic wave front perpendicularly, the predicted profiles 
have been measured. 

The analysis of the acoustic wave front in the atmo- 
sphere also quantitatively explains acoustic wave propaga- 
tion for extraordinarily long distances over the horizon. This 
has been a riddle since the 16th century. 

I. ACOUSTIC WAVE FRONTS IN THE ATMOSPHERE 

In most cases where the vertical component of wind ve- 
locity can be ignored, the equations of motion of an acoustic 
wave front in the atmosphere are derived as follows (refer to 
Fig. 1 ): 

sin 0 cos q• + v, (1) 

p = s sin •v, (2) 

• = s cos 0 cos •p, (3) 

where Jc, p, and $ are the time differentials of variables x, y, 
and z. The x axis is parallel to the wind velocity, the y axis is 
vertical, and the x, y, and z axes complete a right-handed 
rectangular coordinate system. Here, 0, •v are the polar an- 
gles, s is the acoustic speed, and v is the wind speed. 

Integrating Eqs. (1)-(3) with respect to time t and 
eliminating 0 and •v, we get the equation expressing the 
acoustic wave front. 

Strictly speaking, the speeds s and v are functions of time 
t and position P(x,y,z). However, they will be considered to 

o •o 

FIG. 1. Coordinate system of equations. The x axis is parallel to the wind 
velocity, the y axis is vertical, and r, 0, and q• are elements of the polar coor- 
dinate. 
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be average values during the measurement time 6t. Then, 
during 6t, according to the definition of the x axis, v can be 
dealt with as a function solely ofy. The speed s is a function 
of the air temperature T, which is usually regarded as con- 
stant on a horizontal plane in the same way that the wind 

speed v is regarded as constant. Thus the speed s can also be 
dealt with as a function solely ofy during 6t. 

Deriving higher-order differentials of Eqs. ( 1 )-(3) and 
substituting them into the Taylor expansions of x, y, and z, 
we get the following equations: 

x = Vot + Sot [ sin 0o cos •Vo -- sin 0o sin •Vo cos •Vor 

+ «( 1 + sin 2 0o)sin •VoO) +'« cos 0o cos •Vo•r + « sin 00(2 sin 2 •Vo - cos 2 •Vo)COS •vo'r 2 

+ •( 1 + 3 sin 2 0o)COS(2•Vo)rO -- •( 1 + sin 2 0o)sin 0o cos •Vo w2 

+ • cos 0o sin •Vo ( -- 2 cos •Vor + sin 0oO)tr- • sin 0o cos •Vo•r 2 + • cos 0o cos •Vo•t: + "' ] , (4) 
y = Sot [ sin •Vo + « cos(2•Vo)r -- « sin 0o cos •VoCO 

+ •(sin2 •Vo -- 5 cos2 •Vo)sin •Vo'r 2 + • sin 0o sin(2•Vo)rO -- « sin 20osincpoCOe-•cosOocoScpoOtr+ '"] , (5) 
z = Sot {cos 0o [cos •Vo -- « sin(2•Vo)r + « sin 0o sin •VoCO + (• sin 2 •Vo -- « cos: •Vo)COS qVo r2 + « sin 0o cos(2•Vo)rO 

- • sin 2 0o cos •VoCO 2 + • cos 0o sin •VoCO•r- • cos •Vo•r 2] 
+ sin 0o [ -- « cos •Voa + « sin (2qVo) ra - « sin 0o sin •VoWa -- • cos (po•t 2 ] +". ), (6) 

where 

S=So-- s'y, (7) 

V=Vo + v'y, (8) 

So is the acoustic speed on the plane ofy = 0, Vo is the wind 
speed on the plane ofy = 0, 

( --0.004 s-• in the standard troposphere), 

(9) 

v '--Ov (10) 

res't, (11) 

o=v't, (12) 

•b = (s' cos •v - v' sin O cos 2 •v) - v' sin O sin e q• 

= s' cos •v -- v' sin 0, (13) 

x=y=z=O, 0=0o, and •v=•Vo att=0. 

Equation (13) expresses the bending of an acoustic ray 
in a plane of constant 0. The term (s'cos•v--v' 
X sin 0 cos 2 •v) expresses the bending caused by the refrac- 
tion, i.e., wave front rotation through Snell's law (refer to 
Appendix A). The term -- v' sin 0 sin 2 •v expresses the 
bending caused directly by the wind shear (refer to Appen- 
dix B). 

The variables Vo, v', So, and s' are all functions of time t 
and position P. During the measurement time 6t, they are 
regarded as average values in the same way as v and s. 

The differential equation (13) is easily solved where s', 
v', and 0 are constant, and expressed as follows: 

tan q• tan • = tan t, 
2 2 v'+s' 2 

where 0 < s' < v' and 0 = rr/2. For •v = -- •Vo, the value t is 
expressed as follows: 

2 tan-•(,2(v'+s') tan •Vo) t• = 4 v '2-s '2 x/ v '2-s '2 2 ' 
The acoustic waves can propagate over the horizon un- 

der the condition of the following approximation: 

2•po> (s + v)t•/a , 

where a is the earth radius. 

Substituting the typical values at middle latitudes into 
the above formulas, we get 

•Vo > 0.0183 tan- I [ 6 tan (•Vo/2) ], 

where 

S t • = 0.004 s •, 

= 0.005 S I, 

s+ v = 350m/s, 

a -- 6.37 X 10 6 m. 

The above inequality is valid for 0 < •Vo < rr/2. Namely, 
Eq. (13) shows that acoustic waves usually propagate over 
the horizon to leeward. 

In the ordinary atmosphere at a height of 10 km or be- 
low, the absolute values of r and o are observed to be less 
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than 0.1. Neglecting the second- and higher-order terms of r 
and co in Eqs. (4)-(6), and removing rr, 0o, and q•o from 
these equations, we get the equation that expresses an ellip- 
soid whose principal axis tilts at an angle of 45 ø to the wind 
velocity as follows' 

•2 + •2 + .•2 + r•- co•• = 1, (14) 
where 

• = (x -- Oot)/Sot, ( 15 ) 

• = y/sot, (16) 

.• =Z/Sot. (17) 

Equation (14) indicates that the acoustic wave front 
expressed by ( 1 )-(3) is spreading as an ellipsoidal surface. 
Figure 2 shows the elliptical intersection line of the surface 
with a plane ofz -- 0 in the case where the second- and high- 
er-order terms are also taken into consideration. Equation 
(14) also indicates that the acoustic wave front is approxi- 
mated by a sphere with an underground centel' where there is 
a negative temperature gradient and no wind shear, i.e., 
where s' > 0 and v' = 0. 

Partially differentiating Eq. (14) with respect to x, y, 
and z to obtain an equation of a normal to the ellipsoidal 
surface and substituting the values of the origin into the 
equation, we get 

x y z 
. 

x -- rot -- coy/2 y + rSot/2 -- co (x -- rot)/2 z 
(18) 

This equation represents the condition where a normal 
of Eq. (14) passes through the origin O(0,0,0). This means 
that a radio wave emitted from the origin O is partially re- 
flected at the position (P) and received back at the origin. 
Here, P must simultaneously satisfy Eqs. (14) and (18). 

In general, the curve of second degree, which passes 
through a point O inside an ellipsoid and intersects the ellip- 
soid at two positions P where two lines OP meet the ellipsoid 
at right angles, is a hyperbola. Figure 2 shows this relation- 

y 

s 

y x 

v-s' o 

FIG. 2. Acoustic wave front ellipse, and hyperbola that passes through the 
origin O, and reflection positions P• and P2- Here, the X, Y axes are the 
principal axes of the ellipse, the •, r/axes are the principal axes of the hyper- 
bola, V = rot, S = Sot, and y = s'/v'. 

ship for z = 0, where the X, Yaxes show the principal axes of 
the ellipse and the •, r/axes show the principal axes of the 
rectangular hyperbola that passes through O, the origin of 
the x, y coordinates, and intersects the ellipse at the positions 
P. 

When z:• 0 and v' • O, the following values are obtained 
from Eqs. (14) and ( 18)' 

x = [Vo + (s'/v')So]t, 

y = -- 2Vo/V', 

z = q-x/1 -- (s'/v') 2-- (2vofcoSo) 2 Sot. 

In the normal atmosphere, the value of y in the above 
equation is negative, and the value ofz is imaginary at least in 
the lower atmosphere. In other words, when z:• 0 and v'-• O, 
the elevation angle of the reflection point viewed from the 
acoustic source is usually negative or there is no reflection 
point. Therefore, only the case where z = 0 and v' • 0 will be 
considered. 

Considering not only the first-order terms but also the 
second-order terms of r and co in Eqs. (4) and ( 5 ), substitut- 
ing rr/2 for 0o, and eliminating rr and most of q•o from the 
resultants, we get the two-dimensional equation as follows: 

(1 -- 1!-2CO2) •:•'• 2 -•- (1 + •co2)•o-)•,2- co•:•o-?•,- •TCO• •- T•' 
= 1 + •2'r 2 -- « cos(2q•o)COS q•orco. (!9) 
To eliminate q•o from Eq. (19), we can adopt the follow- 

ing approximation, because only high-elevation beams are 
used: 

« cos (2q•o) cos q•o 

= 0.90804 cos q•o - 1.31616 cos q•o sin q•o + 

lel <0.0192, where 26ø.3 <q•o< 153ø.7. (20) 

Substituting Eq. (20) into Eq. (19) and using Eqs. (4), 
( 5 ), ( 15 ), and (16), whose third- and higher-order terms of 
r and co are neglected, we get 

( 1 -- l!•co2),• 2 -[- ( 1 + •co2) •/2 _ ( 1 + 1.31616 
+ 0.57471 rco • + r•/= 1 + •'r 2 . (21 ) 

Equation (21 ) shows that the shape of the wave front in 
the z -- 0 plane is approximately an ellipse whose principal 
axis X tilts to the wind velocity at an angle q• of about 45 ø, 
which is derived from Eq. (21 ) as follows: 

tan(2q•) = --(1 + 1.31616r)co 
( 1 -- •2co 2) -- ( 1 + •co2) 

= 2.4(1 + 1.31616r)/co. (22) 

To get a numerical example other than 45 ø, substituting 
the relatively large value co = 0.01t and the mean value 
r = 0.004t into (22), we get 

tan(2q•) = 240(1 + O.00526t)/t, 

q•=44 ø , where t=10 s . 

This numerical calculation shows that the error in the 

wave front position from using the approximation equation 
(21 ), in which the higher-order terms were heglected, is less 
than 0.5% in the ordinary lower atmosphere where 
30ø < q•o < 150 ø. 
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TABLE I. RASS parameters. 

Monostatic pulse-Doppler radar Acoustic transmitter 

Frequency 46.5 MHz 70-120 Hz 
Radiated power 1 MW (peak) 600 W 
Antenna Array of 475 crossed Yagis Hyperbolic horn of 72-cm diameter 
Antenna gain 33 dB 10 dB 
Beamwidth 3ø.6 90 ø 

Pulse width 2/•s 0.5-1 s 
Pulse repetition 2400 pulses per second 8-16 pulses per 15-31 s 

II. RASS EXPERIMENTS 

In Sec. I, it was shown that radar will receive the echoes 
from positions P on the acoustic wave fronts (RASS ech- 
oes), where both a radar and an acoustic transmitter are 
placed at O in Fig. 2. In practice, it is impossible to place a 
radar and an acoustic transmitter at the same point, but it is 
easy to deduce the relation between the radar beam direction 
perpendicular to the acoustic wave front and the separation 
of the radar and the acoustic transmitter. This analytical 
result has been examined with the authors' RASS, and is 

confirmed to be valid up to the heights of 23 km by receiving 
the RASS echoes. 

The RASS consists of a megawatt pulse-Doppler radar 
(the MU radar) developed by Fukao et al. 2 and a 600-W 
acoustic transmitter developed by Masuda. The parameters 
of the RASS are shown in Table I. 

In the experiments, RASS echoes were always received 
from just the limited areas that contained Ps whose range 
and direction were equal to the values calculated by the 
method in Sec. I. In Sec. III, the example of the RASS echo 
profile is given, and the temperature profile is compared 
with that obtained with a radiosonde. The method for de- 

ducing temperature and wind profiles from a RASS echo 
profile is also shown in the following section. 

III. DERIVATION OF TEMPERATURE AND WIND 
PROFILES 

In general, the acoustic speed in the atmosphere is ex- 
pressed as follows: 

s = 20.0463T 1/2 (m/s), (23) 

where Tis the absolute air temperature (K). Therefore, Tis 
calculated by substituting the speed (Doppler velocity) cal- 
culated from the measured Doppler frequency of RASS ech- 
oes and radar echoes into the following formula: 

T= [(st -- vr)/20.0463] 2 , (24) 
where s• is the radial component of the wave front speed at r, 
which is measured with RASS echoes (see Fig. 3), vr is the 
radial component of wind speed, which is measured with 
radar echoes received from atmospheric turbulence at r, 
s• -- v• = s, and r is the radial vector from a radar site to the 
reflection point. 

Figure 4 shows the temperature profile calculated by 
substituting the values of sr in Fig. 3 and the wind speed v• 
measured with the radar echoes from the atmospheric turbu- 
lence into Eq. (24), together with the temperature profile 
measured with a radiosonde at an official aerological obser- 
vatory. During the measurement shown in Fig. 4, where the 

20- 

. 

. 

, 

•15 
. 

- 

. 

lO- 
. 

. 

. 

. 

280 

25 July 1986 

02 - 08 UT 

Shigaraki MU Obervatory 

i .i i ! l 

2•)0 ½ 3•)0 3•0 3'•0 Sr (m/s) 

FIG. 3. RASS echo power density spectra in the coordinate system of height 
versus Doppler velocity sr of acoustic wave fronts. 
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FIG. 4. Temperature profiles calculated from Doppler velocity shown in 
Fig. 3 and measured with a radiosonde. 
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maximum temperature difference is about 3 øC, the wind 
speed was about 20 m/s, the wind direction was unstable, the 
time difference between the RASS measurement and the ra- 

diosonde measurement was more than 2 h, and the distance 
between the RASS site and the radiosonde site was about 150 

km. Where the atmosphere was measured with the RASS 
and the radiosonde launched by the authors at the same time 
and site, the temperature difference was less than 0.5 øC. 

In the troposphere, a Doppler radar can easily measure 
the wind profiles, because the radar echoes from atmospher- 
ic turbulences are usually about 20 dB stronger than the 
RASS echoes. But in the stratosphere, the RASS echoes be- 
come useful for measuring the wind profiles, because the 
radar echoes from the turbulences are weaker than the 

RASS echoes there. 

Now, we show a method of obtaining the atmospheric 
profiles of temperature and wind by using only the RASS 
echoes for two reflection positions P• and P2 at the same 
height having positive but different angles of elevation, i.e., 
where the RASS echoes are received from P• and P2 at the 
same height in opposite directions (see Fig. 5). In this case, 
it is easy to derive the following relations: 

-- AAf/2 = s + v cos •i (i = 1,2, Af <0), (25) 

where)[ is the radio wavelength, Af/is the Doppler frequen- 
cy of RASS echoes from P•, and •vi is the elevation angle of 
Pi. 

Eliminating s from the above equations and solving 
them for v, we get 

2(aA - af2) - s2 
v = = , (26) 

2 (cos q2 -- COS q l) COS q l -- COS q2 
where si is the radial component of the acoustic wave front 
velocity at r•. 

By a similar method, we get 

)[ ( Afl COS q2 -- Af2 COS ql ) S 1 COS q2 -- S2 COS ql 
2 (cos q• -- cos q2) cos q2 -- cos q• 

(27) 

FIG. 5. Two acoustic wave front ellipses whose reflection positions P• and 
P2 are the same height. Here, ri is the distance between radar site O and 
reflection position Pi, cpi is the elevation angle of Pi seen from O, and 
i= 1,2. 

The wind speed is calculated with Eq. (26), the acoustic 
speed is calculated with Eq. (27), and the temperature is 
calculated with Eq. (23). 

Figure 6 shows the wind profile calculated with Eq. 
(26) and the wind profile measured with the MU radar. 

IV. CONCLUSION 

The acoustic wave front in the atmosphere was ana- 
lyzed. In the exceptional case of no wind shear, it is approxi- 
mated by a sphere whose center is underground. In the nor- 
mal case where there is not only temperature gradient but 
also wind shear, the acoustic wave front is approximated by 
the ellipsoid whose principal axis tilts about 45 ø to the wind 
vector and whose center is also underground. This result is 
confirmed by the RASS experiment that succeeded in profil- 
ing the atmospheric temperature up to the heights of 23 km 
even under strong wind conditions. By utilizing the result, a 
conventional RASS can be converted into a system that can 
measure the atmospheric temperature and wind in the tropo- 
sphere and stratosphere in the same way that the conven- 
tional system composed of a radiometer and a Doppler radar 
can. It is also noticeable that the RASS can measure the 

profiles automatically and continuously, unlike the radio- 
sonde commonly used at present. But the experiments 
showed that further study is necessary to deduce the wind 
profile from the RASS echoes, especially in the stratosphere, 
where receiving conventional radar echoes is difficult, so 
they cannot be used to confirm the wind speed deduced from 
the RASS echoes. 
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4.0 i 

23 Dec. 1986 

23 h 00 m UT 

Shigaraki MU Observatory 

Kyoto University, Japan 

X: PASS 

Curve: RADAR 

15 20 25 30 

Wind Speed Cm/s) 

FIG. 6. Wind profiles calculated from Doppler frequencies of RASS echoes 
and measured with MU radar. 
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APPENDIX A: PROOF OF •o=s' cos q•-v' sin 0 cos = q• 

In Fig. A1, the acoustic wave front speed va in the plane 
of constant 0 is assumed to change on the plane ely -- Yo as 
follows: 

u• = s q- u sin 0 cos q•, where y <yo 

= (s + 6s) + (v + 6v)sin 0 cos(•v + 6•v), 

where Yo < Y. 

Substituting the above relations into Snell's law yields 

s 4- v sin 0 cos •v 
cos q• ß 

_ (s q- 6s) q- (v q- 6v)sin 0 cos(q) q- 6q•) (A1) 
cos (•v + 6•v) 

Ignoring higher-order terms in (A 1 ) yields 

-- 6q•s sin •v = 6s cos •v + 6v sin 0 cos: •v. (A2) 
Substituting (2) for s sin •v into (A2) yields 

-- 6q• p = 6s cos •v + 6v sin 0 cos 2 •v. (A3) 
Transforming (A3), taking the limit when 6s and 60 

approach zero, and ignoring higher-order terms yield 

•9 (• OV sin O cos2 cp ) . (A4) = -- cos •v + •yy 
Substituting (9) and (10) into (A4) yields 

•b = s'cos q• - v' sin 0 cos 2 q•. (A5) 

Y0 

FIG. A1. Coordinate system to explain the Snell's law rotation of the plane 
wave front. 

\Y Pxr Po 

x, z Plane 

FIG. B1. Coordinate system to explain bending of the acoustic wave ray 
caused by wind shear on the plane of z -- 0. 

APPENDIX B: PROOF OF •o= -v' sin 0 sin 

In Fig. B 1, P, Po, Pv, r, •v, 6r, and 6t are defined in the 
plane of constant 0, where 6y is the increment of y corre- 
sponding to the increment 6t of t, and 

61 = -- 6v 6t , ( B 1 ) 

6y = 6r sin •v, (B2) 

tan(•v + 6•v) = 6y/(6r cos •v -- 61). (B3) 

Substituting (B1) and (B2) into (B3) yields 

tan (q• + 6•v) = 6r sin q• . (B4) 
6r cos •v + 60 sin 0 6t 

The left side of (B4) is approximated as follows: 

tan (•p + 6•v) • tan q• + 6•v . (B5) 
1 -- tan •v 

Substituting (B5) into (B4) and neglecting higher-or- 
der terms yield 

6r 6q•(cos •v + sin 2 •v/cos •v) = -- 60 sin 0 6t tan •v. 
(B6) 

Substituting 6r = s 6t into (B6) yields 

6•v s sin q = -- 6v sin 0 sin 2 qv. (B7) 
Substituting (2) for s sin q into (B7) yields 

6q• p = -- 6v sin 0 sin 2 q•. (B8) 
Transforming (B8), taking the limit when 6t ap- 

proaches zero, and neglecting the higher-order terms yield 

• = Ov sin 0 sin q•. (B9) 
oy 

Substituting (10) into (B9) yields 

•o = -- v' sin 0 sin: •v. (B 10) 
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